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Abstract

The solution of the problem of attaining adequate

safety and reliability in supersonic aircraft structures

operating under conditions under which the damaging effects

of cycle sensitivity (fatigue) and time-sensitivity (creep)
of the structural material combine in gradually reducing the

resistance of the structure requires the development of

simplified procedures for the evaluation of the combined

damage accumulation, which embody both the physical and

probabilistic aspects of design.

The present report attempts to develop the basis

for an approach to the solution of this problem, for which
at present no adequate experimental information exists, and

one of its purposes is tu provide the guidelines for the

planning of tests and experiments, the results of which would

be relevant for structural design.

This report has been reviewed and is approved.

W. J. Trapp
Chief, Strength and Dynamics Branch
Metals and Ceramics Laboratory
Directorate of Materials and Processes
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I. introduction

Among the many problems facing the designer of super-

sonic aircraft structures, space structures and missiles, the

most serious appears to be that of attaining adequate safety
and reliability under conditions of operation at "elevated

temperatures." Such conditions arise only for combinations

of structural material and temperature for which the re-

peated temperature and loading cycles either produce signifi-

cant changes in the deformational (elastic and inelastic) re-
sponse and in the mechanical strength of the material, or
appreciably affect the stress distribution within a redun-

dant structure. Thus, for instance, for the structural
alloys used at present, "elevated temperature" conditions

would arise in a supersonic transport above Mach 2 if con-
structed of light-weight alloys, or above Mach 3 if con-

structed of steel or titanium alloys.

In the design of power generators and jet engines,
"elevated temperature" conditions are usually met by a com-

bination of the use of alloys of high long-time temperature

strength with extensive testing of full-scale structural

parts under critical conditions so as to permit statistical

evaluation of the test results as a basis for reliability
analysis. Moreover, in such structures the creep deforma-

tion tolerances are rather high and the expected service
"lives of the critical parts relatively short, so that test-

ing is possible within the operational conditions.

For large structures such as aircraft, space struc-

tures or missiles, statistically adequate test replication

Manuscript released by author November 1962 for publica-
tion as an ASD Technical Documentary Report
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is neither technically nor economically feasible, so that

reliability analysis cannot be based on the evaluation of

statistical data but must be developed from physically rele-
vant probability concepts. This is a procedure similar to
that suggested for the analysis of reliability and fatigue

sensitivity of subsonic aircraft structures at normal atmos-

pheric temperatures,] with the significant difference, how-
ever, that under elevated temperature conditions the damaging

effects of fatigue and creep must be combined.

An additional difficulty arises from the fact that

in the design for elevated temperature service over a life
range of 10,000 to 100,000 hours the double aspect of design

for failure and design for a maximum tolerable deformation
requires that the tolerable creep rates per hour be extremely
low while the times to fracture become extremely long. A
survey of the considerable amount of existing creep data will,

however, show that reliable observations within the struc-
turally relevant range of low creep rates are almost non-

existent, while the recorded times to creep fracture are too

short to be relevant in the design for the life range of
supersonic aircraft structures which is too long to be used
as actual testing time. The discouraging conclusion that

can be reached from this survey is, therefore, that data for
elevated temperature design of such structures for the rele-

vant range of service lives are not available and could only

be obtained from the available data by extrapolations, the
reliability of which both in the direction of very low creep

rates as well as of very long creep-rupture lives is rather
dubious. 2 With most creep and creep-rupture tests performed
within the 300 hr. range, extrapolation over two orders of

magnitude in time would be necessary. This would be an in-
admissibly wide range of extrapolation even for thermally
and chemically stable metals, which the alloys developed for
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high temperature service are definitely not. The use of the

various time-temperature-parameters suggested by different

authors, and essentially based on the assumption that a

single rate-equation covers the whole range of behavior can

therefore hardly be expected to produce reliable data by

extrapolation, unless the validity of this assumption has

been established. This can, however, not be done directly

without extending the testing time towards the actual service

time. It might be attempted by introducing the assumption

that the mechanical behavior is covered by two rate equations,

one below and one beyond an instability time to temperature

so that there is a time-temperature equivalence for the in-

stability point, which would permit the replacement of long-

time tests by high temperature tests.

It is well-known that the lack of reproducibility of

creep observations within the (primary) micro-creep range
makes prediction on the basis of a small number of tests

completely unreliable: the scatter associated with (primary)
micro-creep rates is wider than the scatter associated with
(secondary) minimum steady-state creep rates and creep frac-

ture data, so that designs for long lives in which a small

total creep deformation (0.5-1%) represents a critical de-
sign criterion are subject to a high degree of uncertainty.

While actual data for the establishment of design
procedures under conditions of elevated temperature are thus

lacking, in spite of many years of creep research, it seems
dest.rable to establish a general scheme for such a procedure

in the light of which the current and future research work

in creep and creep fracture for the purposes of structural
design of supersonic aircraft and space structures should be

re-evaluated and re-directed so as to provide the information

that is relevant to design problems rather than to materials
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evaluation, for the purpose of which relatively short-time

tests are usually considered expedient and sufficient. It is
to be feared that without such a scheme the haphazard approach

to the study of mechanical properties of metals at elevated

temperatures will continue to remain unrelated to the needs

of the designer. It is not adequately understood by metal-

lurgists that for the structural designer creep and creep

fracture are not metallurgical problems alone, but problems

of reliability of a structure under highly variable condi-
tions of stress, temperature and environment. Many of the

materials involved are known to have a structure that tends
to be unstable under critical combinations of time, tempera-
ture and environment, a phenomenon the occurrence of which

cannot be predicted by extrapolation from the stable condi-

tions in the usual short-time tests at constant stress and
temperature. But even under stable conditions the scatter

of the test results is to the designer as important as their
trend. Since even small numbers of full-scale tests of

large structures under elevated temperature conditions can-
not be performed, the scatter of small specimen tests repre-

sents the only source of direct information on the basis of
which procedures of reliability analysis can be devised.

It appears, therefore, that an urgent task of engi-

neering research is the formulation of an integrated, sche-

matic approach to the mechanical design of aircraft structures

under elevated temperature service that would combine the
safety-factor approach with the reliability approach and

would also specify the test conditions from which the rele-

vant quantitative information on material behavior could be

obtained, and on the basis of which it may become possible to
estimate the service life of a designed structure and to
assess the effect on this service life of modifications of

the design criteria as well as of changes in operating

conditions.
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I. Aspects of Design

The main aspects of design for elevated temperature

service of aircraft and space structures are the interactions
of sustained loads, cyclic loads and temperature in producing

(a) a limiting, relatively small amount of permanent defor-

mation within the service life of the structure; (b) damage
accumulation in the form of micro- or macro-cracks that re-

duce the resistance of the structure to "ultimate" loads, as

well as (c) the interaction of stress-relaxation, temperature
and cyclic stress in modifying the structural action of re-

dundant structures. Because of the highly statistical char-
acter of gust- and maneuver loads, it is reasonable to assume

that, as under conditions of fatigue alone, elevated temper-
ature creep-fatigue failure is more likely to occur under an

excessive load of short duration and relatively low proba-

bility of occurrence after the structural resistance has been

reduced by creep-fatigue damage, then under normal
service conditions involving only loads of relatively low
intensity occurring under such conditions. Hence the

critical design conditions for elevated temperature service

are: (a) ultimate load failure of the undamaged structure

under a load intensity of very low probability of occurrence
or of a "return period" that is a large multiple of the de-

sign life; (b) ultimate load failure of the structure damaged

by fatigue and creep and therefore failing under an "ultimate
load" of lower intensity but higher probability of occurrence

or shorter "return period"; (c) limiting permanent deforma-

tion produced by creep- and fatigue loads under operating

conditions specified in terms of load-spectra and temperature

history.
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It appears, therefore, that tests to creep-rupture

under sustained stress with and without superimposed constant-
amplitude cyclic stress are not quite relevant to the actual

design problem, which is that of structural damage by crack-

initiation and propagation under relatively low-intensity

loads of long duration reducing the resistance to loads of

high intensity and short duration. For this purpose tests

under combinations of sustained and cyclic loads should be

performed not to failure but to a specified level of reduced

resistance measured either directly by a high strain rate

test to failure or by a specified crack-length. Results of

tests to failure under stationary conditions of sustained
and cyclic loading can only provide information concerning

the general trend of the phenomenon of damage, but the big-
nificant aspect for design is the fact that actual failure

is most likely to be "premature," because of the possible

coincidence of a partially damaged (cracked) structure with
a load cycle which is just high enough to make this damage

critical; the more severe the preceding damage, the lower
the critical load and the higher therefore its probability

of occurrence or the shorter its "return period." If the

resistance of the structure is reduced to a level close to

"limit" load, the return period of which is of the order of

magnitude of the service life, the probability of failure

during the service life becomes excessively high.

Similarly, the results of conventional creep tests
are not quite relevant to the problem of creep design, since

the very limited amount of operationally permissible total

creep deformation makes the region of primary micro-creep of
principal importance while the emphasis in conventional

creep tests is on the steady-state (secondary) macro-creep.

Not only is the primary micro-creep deformation of polycrys-

talline metals highly statistical in itself, but the accuracy
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of the measurement required in this range is usually far be-

yond that of conventional creep tests. The experimental

difficulties arising in observations within this region are

clearly demonstrated by the lack of reproducibility in stress-

relaxation tests of the initial short-time range which de-
pends primarily on the application of the initial strain which,

being of the order of magnitude of the elastic strain, falls
into the range of micro-creep. Since this lack of reprodu-

cibility cannot be overcome even by the most careful experi-
mental technique, all stress relaxation tests of metals are

unreliable within this, for the designer most important,

range.

The experimental difficulties are magnified by the
fact that, physically, primary creep in polycrystalline

metals is the result of the combined action of and inter-
action between an irrecoverable component of strain-hardening

associated with transcrystalline slip and a (delayed re-

coverable) anelastic component associated with grain-boundary

motion; the former is nonlinear (with respect to stress),

the latter linear. Hence creep tests without unloading

periods, with the aid of which the anelastic component can be

separated from the elastic and strain-hardening components,

provide inadequate information for the designer who is un-
able to arrive at the analytical characterization of the

material required for stress-analysis without such separa-
tion. Moreover, it appears that even the highest accuracy

of direct observation of micro-creep and creep-recovery can

not cover the short range relaxation range, and, to separate

the linear anelastic from the non-linear components making

up the total creep, the direct creep measurements should

be supplemented by observation of the mechanical response of

the material under low-frequency small-amplitude stationary
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oscillations, by which the relevant frequency dependent vie-

co-elastic parameters (storage and loss moduli) can be ob-

tained. Conversion of these data into creep- and relaxation
functions representing the anelastic component of the creep-

deformation is permissible, provided the time-scales are com-
parable.

In the interpretation of creep-deformation of a par-
ticular metal for the purposes of design two basically dif-

ferent conditions defined in terms of stress-level and tem-

perature must be distinguished: (a) conditions that produce
the limiting creep deformation essentially in the form of

primary creep (Fig. 1); (b) condition that produce the limit-
ing creep deformation essentially in the form of stationary

(secondary) creep (Fig. 2).

In the first case a significant part of the limit-
ing creep will be reached relatively early in the service

life with little subsequent permanent deformation, while in
the second case creep will accummulate rather uniformly over

the service life.

In Figs. 1 and 2 the differences are schematically
illustrated between creep under sustained stress and creep
accumulation due to periodically applied stress of the same

intensity under conditions of thermal stability and thermal
instability (recovery). For both types of creep thermally
unstable conditions of the periodically stressed material

produce more rapid creep-accumulation than is to be expected

from tests under thermally stable conditions, because of the
effect of recovery on primary creep. Such increase in creep
accumulation is, however, not necessarily accompanied by

creep-damage accumulation, since the mechanism of primary
creep is one associated with strengthening rather than

weakening of the structure.
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The methods of stress-analysis and the resulting

stress-intensities and distributions will differ signifi-

cantly for both conditions and so will the damage accumula-

tion due to combined steady and cyclic loading: in the first

case damage is predominantly due to cyclic loading while the
effect of primary creep on damage is likely to be minor; in

the second case damage accumulation is due to creep while

fatigue-damage, when the cyclic stresses are high enough to

produce it, proceeds independently until, at a rather ad-

vanced stage of propagation and coalescence of micro-cracks,

the coexistence of both intercrystalline (creep) and trans-

crystalline (fatigue) micro-cracks is likely to facilitate

the propagation of the macro-crack producing final failure
through both crystal grains and grain-boundaries. With in-

creasing temperature and service life creep-damage accumula-

tion as the critical failure mechanism may grow so fast in

relative importance in comparison to fatigue damage accumu-

lation that beyond a certain combination of temperature and

service life the weakening of the structural resistance due

to creep becomes the principal design criterion while fatigue
cracking is less critical as the working stresses of the

structure are reduced to meet the limiting creep and creep-

rupture criteria.
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III. Asvects of Damage Accumulation in Creep and Fatigue

at Elevated Temverature

It is currently believed that the main sources of

room-temperature fatigue damage are the formation of persist-

ent broad slip-bands, of pores, surface intrusions and extru-
sions formed by combined reversed primary slip and cross-slip,

grain-boundary blocking of reversed micro-slip and, finally,
exhaustion of ductility resulting from reversal of over-all

large plastic strain. It is also believed that the sources

of creep damage are sub-structure formation and grain-
dissociation, as well as grain-boundary cracking du sliding
and rotation along grain-boundaries incompatible with the con-

tinuity of the material.

The effect of elevated temperature on fatigue damage
accumulation and fatigue life may be interpreted as the re-
sult of its modifying influence on the deformation processes

preceding and accompanying the initiation of fatigue cracks
at room temperature, as well as on the propagation of cracks

that have attained macroscopic size. The deformation proc-
esses presumably involved in fatigue damage accumulation are

reversed slip on primary slip planes, cross-slip, subgrain

formation and hardening close to the tip of the advancing

crack, and, finally, changes of deformational characteristics

resulting from thermal instability and metallurgical changes
in the microstructure. Possible modifications in the macro-

crack propagation mechanism may arise from the increased
time-sensitivity of the gross deformational response of the

bulk metal at elevated temperature due to the effect of
grain-boundary viscosity, and from the resulting (thermal)
instability of the (compressive or tensile) residual and
micro-residual stresses that either impede or facilitate the
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propagation of a crack, being responsible for the existence

of the "Bauschinger effect" at room and low temperatures.

Because of the instability of residual stresses at elevated

temperatures all processes by which the fatigue life is in-

creased as a result of mechanically or structurally induced

compressive residual surface stresses (shot-preening, cold-

rolling, carburizing, etc.) become largely ineffective.

The dependence of the deformation processes on the

initial condition of the grain structure requires that dis-
tinction be made between fully annealed structures on the one

hand and structures in various conditions of initial harden-

ing on the other. The continuous modification of the grain
structure by sufficiently elevated temperatures and by sus-

tained mean loads requires, moreover, the careful considera-

tion, at various temperatures, of the interaction of creep

deformation and fatigue deformation and of the resulting
micro-crack formation under the joint action of sustained
and cyclic loads. Since the significance of the temperature

effect necessarily increases with increasing mean stress and

increasing time, and is therefore more pronounced with re-

spect to creep (time-dependent) damage than to fatigue (cycle-

dependent) damage, and more pronounced for long-time than

for short-time behavior, this effect wili vary with varying

ratios of mean stress to amplitude of stress cycles, as well

as with the absolute cyclic stress amplitude, being at its
peak for long-time creep (zero cyclic stress). The ratio of

the stress amplitude for very long fatigue life to the stress
amplitude for very short life will therefore decrease with

increasing temperature as well as with decreasing ratio of

cyclic stress-amplitude to mean stress, being the lower the
higher the temperature and the closer the conditions to those

of creep-rupture. Hence at the same applied stress amplitude
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the fatigue life in number of cycles necessarily decreases

with decreasing cycle frequency as well as with increasing
temperature, producing a moderate increase of the slope of

the S-N-diagram with temperature and with mean stress. Some

isolated test results on notched high-temperature alloys

(PHl5 - 7 Mo.) in the temperature region around 800°F and

N = 103 to 104 cycles suggest a reduction of the fatigue
life by a factor of 3 if the frequency is reduced by 3 orders

of magnitude (from l03 to 1 cycle per minute).

Considering that, in first approximation, the princi-
pal mechanism of fatigue damage accumulation operates in re-

versed slip and is therefore almost temperature- and time-

insensitive, while the principal mechanism of creep-damage
accumulation operates in grain-boundary dissociation and

grain-boundary motion, both of which are highly temperature-
and time-sensitive, it can be concluded that the same stress

intensity will be the more damaging the more rapidly it can

produce fatigue damage by reversed slip; this is the range of

short fatigue lives at relatively high stress-amplitude and
moderately elevated temperatures (about 1/4 to 1/3 Tm). In

this range the ratio of [alternating stress/sustained stress]

for which fracture is produced at the same time and tempera-

ture will always be less than one; with increasing life and
temperature this ratio will increase, attaining values that

are larger than one at high temperatures for very long lives

and associated very low stress-intensities. Observed values

of this ratio8 vary between 0.6 - 0.8 for short lives at
moderate temperatures and 1.0 - 2.0 for medium and long lives

at high temperatures.

While the effect of temperature on reversed primary

slip and damage accumulation in the fatigue striations is

relatively weak, this cannot be assumed with respect to
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cross-slip, subgrain formation, and condensation of defects

into holes and micro-fissures preceding the propagation of

cracks through the subdivided grains. On the contrary, it

may be assumed that elevated temperature facilitates cross-

slip4 so that the surface disturbances due to cross-slip are

intensified. Similarly, the limiting stable subgrain-volume

is a function of temperature, increasing considerably with

increasing temperature; hence the subdivided structure as

well as the resulting hardening and associated Bauschinger

effect are the less stable the higher the temperature. While

subgrain-formation is probably reduced or retarded as a re-

sult of elevated temperature grain-boundary migration and re-

covery, crack propagation through the subdivided structure

may be facilitated by the higher subgrain-boundary mobility,

provided precipitate particles do not hinder such motion.

Since cross-slip is also facilitated, the associated surface

disturbances leading to transcrystalline extrusions, intru-

sions and fissures become more extensive. Thus it can be

assumed that not only the principal damage accumulation

mechanism is gradually transferred into the grain boundaries

with increasing temperature, so that even under relatively

low mean stress the fatigue damage mechanism approaches more

and more that of creep damage with resulting stronger inter-

action between both, but also the intensification of cross-

slip accelerates the over-all fatigue damage by intensifying

transcrystalline surface damage.

It can therefore be expected that with increasing

temperature the fatigue life both in number of cycles and
in time at a certain combination of cyclic and sustained

stress decreases monotonically unless a temperature range

exists in which extensive slip-blocking is produced by metal-

lurgical changes in the structure (embrittlement). Within
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this range the fatigue life will, in general, increase;
this fact has been observed in low-carbon steels within the

"blue-brittleness" range of 2500 to 3500 C5 in which slip is

impeded by the "dislocation pinning" effect of carbon or

nitrogen.

The transition temperature range from predominantly
transcrystalline fracture to predominantly intergranular

fracture varies with stress-amplitude, mean stress, frequency
of stress cycling and environment. It decreases with de-

creasing ratio of stress-amplitude to mean stress, with de-

creasing frequency and with increasing corrosive effec* of

the environment.

It should be realized that creep-damage accumulation
by grain-boundary motion is characteristic of second-stage
(quasi-viscous) and third-stage creep only. Where the de-

formation under mean stress involves mainly primary creep,
as is the case, for instance, under periodically repeated

sustained stress and thermally instable conditions of the

structure (rapid recovery and thermal softening), very little

damage accumulation in grain-boundaries is involved. The

principal fatigue damage arises from reversed slip under
cyclic stress amplitudes, with resulting rather limited ef-
fect of temperature on the fatigue mechanism, while the uni-

directional slip associated with primary creep produces

little, if any, damage.

Any effect that weakens the grain-bounadaries, such
as elevated temperature, migration of impurities or chemical

attack not only reduces the time to creep-rupture at a speci-

fied stress level or reduces the sustained stress required

to produce such failure at a specified time, but also facili-
tates fatigue crack propagation through subdivided sub-grain
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material in the vicinity of the crack; the same effect is

produced by increasing the relative volume of boundary ma-

terial. Moreover, weakening of the grain-boundaries in-

directly facilitates the initiation and propagation of trans-

crystalline fissures by reducing the restraints on slip prop-

agation imposed, at low temperatures, by grain boundaries.

Such indirect action, however, seems to be less significant
in its effect on fatigue strength or fatigue life than the

gradual transfer of the operating damage mechanism from the
crystalline to the intercrystalline regions. Since such

transfer is the more pronounced, the higher the temperature
and the longer the life or the lower the stress-amplitude,

it appears that elevated temperature-fatigue will be the more

time- and frequency-sensitive the higher the temperature and

the lower the stress-amplitude. Thus for high temperatures
and long lives (in terms of time) both fatigue and creep-

rupture may show similar time- (frequency) and temperature-
sensitivity, while at lower temperatures and shorter lives

fatigue is much less time- (frequency) sensitive than creep-

rupture. Because of the similarity of the fatigue damage
and creep-damage mechanisms for long lives and high tempera-

tures any structural modification producing high creep re-

sistance (low creep rate) will also produce improved fatigue

performance.
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IV. Interaction Curves

Because of the practical absence of damage accumula-

tion under very small sustained stresses the effect of creep

damage on fatigue damage can be neglected for small ratios

of sustained to cyclic stress; on the other hand, the effect

of low-amplitude cyclic stresses on damage under sustained

stress must be expected to vary with amplitude and frequency.

High frequency cyclic stressing, by its interaction with

micro-structural processes may significantly affect the creep-

rate and associated damage accumulation either by accelerat-

ing the rate of recovery and of thermal softening in a work-

hardened metal or by accelerating metallurgical transforma-

tions such as precipitation, leading to hardening or other

forms of atomic migration. Hence the result of a superim-

posed high frequency low-amplitude oscillation may be either
a significant decrease or an increase of the creep-strength,

depending on the microstructures. Many creep resistant

alloys such as cobalt and nickel alloys achieve this resist-

ance by some form of atomic migration; in that case accelera-

tion of this migration by superimposed cyclic stressing may

considerably increase this resistance. On the other hand,
the imposition of a cyclic stress of low or moderate fre-

quency that does not interact with micro-structural processes

will not significantly affect the creep-damage unless the

stress amplitude is high enough to change the character of

the damage mechanism from purely intergranular to a mixture

of intergranular and transgranular. By relieving grain-
boundary stress-concentrations and reducing the associated

cracking, a cyclic stress of moderate amplitude may even in-

crease the creep-rupture strength, a phenomenon that has
actually been observed.0 On the other hand, by substructure
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formation it may accelerate the grain-dissociation under sus-

tained load and thus increase the creep-rate and decrease

the life. 7 In the absence of low-amplitude interaction,

"interaction curves" representing the combined creep-fatigue

damage under a sustained load 5 m and superimposed load-

cycles of amplitude ±Sa at a certain combination of time
and temperature should, in the rectangular Sm - Sa coordi-

nate system, be tangent to the rectangle Sa = Sao and

Sm = Smo , where Smo and Sao denote, respectively, the

sustained stress and the stress amplitude applied at fre-

quency w , producing failure or a specified amount of damage

(crack-length or percentage loss of "ultimate" strength) at

a certain time t or at a number of cycles N = wt and at

temperature T (Fig. 3). In general however, the condition

of the existence of a vertical tangent at Smo is not phy-
sically justified; the interaction curve may intersect the

Sm - axis at an acute (thermal softening) or obtuse (precipi-

tation hardening) angle.

Since the existing experimental evidence suggests 3

that for relatively short times and moderately elevated tem-

peratures the ratio SM/Sao > 1.0 while it decreases to

Smo/Sao < 1.0 as the temperature and time increase, a damage

or fracture surface at temperature T in a rectangular

Sa - Sm - t coordinate system can be constructed by assuming

elliptic "interaction curves" and connecting the elliptic

interaction curves for different times t = N/w by a con-
tinuous surface (Fig. 4). The intersection of this surface

with the Sm - t plane is the creep-rupture curve (for
failure) or the locus of points of specified constant damage

for various combinations of stress and time (at constant
temperature); the intersection of the surface with the

S a(t = N/w) plane is the Sa - N-diagram for failure or
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specified damage converted to the equivalent time scale at

a specified frequency.

It is important to note that the elliptic or quasi-

elliptic shape of the interaction curves can be justified

only under elevated temperature conditions under which creep

damage actually accumulates under the sustained stress Sm .
These interaction curves should not be confused with the pure

fatigue-interaction curves at normal temperatures (modified

Goodman diagrams) as there are no different damage mechanisms

involved. Indeed these interaction diagrams are frequently

linear or even convex towards the Sm axis. Moreover, in

this case, the time-cycle conversion t = N/1 is purely
fictitious since, in the absence of creep, time itself does

not contribute to damage accumulation. Therefore constant

creep-fatigue damage surfaces cannot be extended to condi-

tions of zero or non-damaging (first stage) creep.

If it were possible to find a combined time-tempera-

ture-frequency parameter e(t,T,w) that would express the

time-temperature-frequency equivalence jointly for creep and

fatigue, all constant-damage surfaces for various tempera-
tures T could be combined into a single "master" surtace

in the Sa - Sm - coordinate system. For instance, the

normal high temperature cree- rupture correlation parameters

of the form e(t,T) = tres(T) could be expanded by intro-

ducing, for instance, e(t,T,w) = tres(T)(w/wo)n , where co
denotes a (very low) reference frequency for which

e(t,T,co) 1 0(t,T). Adequate experiments do not exist, how-

ever, from which the frequency effect in 9(t,T,w) could be
evaluated so that, for the time being, the surfaces for
various temperatures cannot be unified through a combined

parameter.
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The creep strain attained at a certain time under a

combination of sustained stress Sm and cyclic stress-

amplitude Sa is, if at all, only slightly and indirectly
affected by the cyclic stress. Hence the "interaction sur-

faces" for constant creep strain are either parallel to the

Sa - axis or slightly inclined to it if the stress-cycles

are associated with a slight permanent strain, or as is

usually the case, because of the plastic deformation accom-
panying the first few stress-cycles (Fig. 5). The intersec-

tion of the constant creep or strain surfaces at the same

temperature with the constant damage surfaces delimits the

validity of the two design criteria (Fig. 6). It appears

that for short or moderate times and small or moderate ratios

of the "fatigue factor" tan a = Sa/Sm the creep-deformation

criterion will be relevant, while for all other conditions

damage accumulation is more significant. Obviously, the

limit varies with time and temperature.

On the basis of the constant damage surface

f(S m Sal t) 0 damage accumulation at various combinations

(Smi Sa) could be estimated, in first approximation, by
finding the time td for a particular combination at which

the point of intersection of the radius vector of slope

tan a = Sa/Sm in the plane t = td parallel to the Sm - Sa

plane, with the damage surface has the required combination

(Sm, Sa) as coordinates, and by assuming a linear rule of

damage-accumulation with respect to this time. Under this
assumption the expression

k=n nri D ~~Pktd 1(4)

S(t1/tdk) = 1 tdk
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where tdk(a) are the times to constant damage or to failure
at the various combinations (S m Sa)k , and Pk the per-

centage of total time td during which they are applied. It
is likely that interactions between the various combinations

exist so that the times tdk should be reduced with the aid

of interaction factors wk to (tdk/wk) if the combination

(Sm' Sa)k forms part of a load spectrum instead of being

continued to failure, but no experimental information on this
point is in existence, so that no design rules for variable

conditions can be given.

In the absence of surfaces of failure or of constant

damage the times tdk are unknown and must be estimated from

the time tc to creep fracture under Sm and the number of
cycles N or time N/cu to fatigue fracture under + Sa .
On the crude basis of assumed independence between the two damage

processes a tentative rule of addition of linear damage rates

would produce the relation

1 1.. 1 (4

N Tim (4.2)

which could be improved and adjusted to experimental results

by the introduction of a factor wc(c) that would express

the relative weight of creep damage in relation to fatigue
damage which is necessarily a function of a = arctan (Sa/Sm)7

hence,

1 1 wc(-)
td - • + tc

It can be shown that the above damage rules are compatible

with exponential distributions of creep and fatigue lives
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tc and N.8 For different distributions as, for instance,
asymptotic distributions of extreme values linear accumula-

tion and addition is no longer Justified but should be re-

placed by a rule of the types

Of= i +÷k l)k +,g(W I P )) (4.4)

where Pfi and "ck are inversely proportional to the
standard deviations of log t in creep rupture tests and

log N in fatigue tests at various stress-amplitudes Sai
and levels Smk.

The interaction surface associated with the assump-

tion of linear addition of the constant damage rates CD/N

and 1/t leading to Eq. (4.2) can be obtained by assuming

the relations between S a and N and Sm and t in the

form'o

Sa = S aoN- and Sm Smo t-1 (4.5)

where a < 1 , P < 1 and Sao and Simn are the values of

Sa and Sm for N = 1 and t = 1 respectively, so that

N = (SIaSa)l/1 and t = (SmSm)I/

Hence

W _ (,Sa + ( ) const. (14.6)
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which for constant times td defines a family of interaction

curves of pseudo-elliptic type:

td(F)- + td(S ) 1 (417)

With increasing temperature a increases slowly, p fast;

hence 1/a remains unchanged while I/P decreases, increas-

ing the effect of creep.

Since at present neither the interaction surfaces nor

the parameters of Eq. (4.4) are known from experiments,

Eq. (4.2) or if U)ck(a) can be estimated, Eq. (4.3) or

Eq. (4.7) provide the only quantitative rules for an estimate

of the effect of damage accumulation in fatigue and creep on

the fatigue life at elevated temperature. Since the form of

Eq. (4.7) does not contradict the existing experimental re-

sults it might be concluded that Eqs. (4.2) or (4.3) provide

an acceptable tentative rule of damage interaction.
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V. Reliability and Risk of Failure

From the designer's point of view the constant-damage

and failure surfaces f(Sm, Sal t) = 0 as well as the con-

stant creep surfaces represent the trend or "central tendency"

(mean, mode or median) of the test results which should be

represented by families of such surfaces (Fig. 7),each asso-

ciated with a different probability of failure P or of sur-

vival (reliability) R = 1 - P . What the designer needs is

the surface associated with a specified, very small value of
P (or a large value of R) rather than the surface of central

tendency at which P - R . From the family of failure-
surfaces fR(Sm , Sa t) 0 a four-dimensional reliability

function R(a,sjt), where a = arctan (Sa/Sm) and

S = /S' + S' could theoretically be constructed point bym a
point by determining for values 0.01 < R < 0.99 the values
t associated with the points of intersection with all those

surfaces of a parallel to the t-axis through any combina-
tion (a,S). This reliability function specifies the proba-
bility of survival as a function of time t = N/w of any
applied combination (a,S) ; for a = 0 it degenerates into

the three-dimensional reliability surface Rc(S,t) for

creep-rupture under S = Sm , for a = 7r/2 into the reli-

ability surface for fatigue Rt(S,N) under S - Sa for a
specified frequency of oscillation. For intermediate con-
stant values 0 < a < 7r/2 . as well as for specified values

S = const. the reliability function can be represented in

the form of reliability surfaces R (S,t) for constant a
and Rs(a,t) for constant values of 0 < S < Smax , con-

structed through the family of reliability functions R (t)

obtained by varying S at constant a, and Rs(t) by

varying a at constant S (Figs. 8 and 9).
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If it is assumed that, in first approximation, a

and S are independent statistical variables with a bi-
variate frequency density p(aS), the reliability-function

R*(t) under random application of combinations (a,S) is

obtained by performing the integration

Sma ?r/2

(t)= f p(aS)R(aSt)dS d• (5.1)
0 0

provided analytic expressions for p(a,S) and R(aS,t)

can be specified.

It will be more expedient, however, to specify the
independent marginal frequency densities p (S) and p_(a)

rather than the bi-variate density p(aS) , as well as the
reliability surfaces Ra(S,t) and Rs(a,t) rather than the
reliability function R(a,S,t). In this case a rough approx-
imation of R*(t) might be obtained by

S 7r/2

R*(t) f ff P 1 (S)Ra(St)p 2 (a)Rs(a,t)dSda. (5.2)

0

Since the bi-variate distribution p(c,S) is not uniquely

determined by the specification of the marginal distribu-
tions 1 1 the integral in Eq. (5.1) cannot be determined unless

p(a,S) can be derived from observations, which is much more
difficult than the derivation of p1(S) and p(a) separately.

Under these circumstances Eq. (5.2) seems to be the closest
approximation to Eq. (5.1) that is obtainable.

The reliability function R*(t) for the distribu-
tions p (S) and p (• is based on the tacit
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assumptions of independence of S and a and linear damage

accumulation under variable stress intensity S . It repre-

sents essentially the reliability function for the mean

stress-intensity S and the mean fatigue factor a . As
such it is only a rough approximation of reality, but without

it not even the order of magnitude of the service life can

be predicted.

Such prediction can now be based on the procedures

proposed in WADD TR 61-53 and the concept of the addition of

risk-functions developed there. The risk function r*(t)
associated with the reliability function R*(t) is defined

by the relation1 2

r*(t) - log R*(t) (5.3)

and can thus be obtained if R*(t) can be specified by an

analytic function. The risk function for ultimate failure

ru and its relation to the safety factor v for such fail-

ure has been extensively discussed in the report referred to,

in which also the effect on v of a propagating fatigue

crack and its related effect on ru has been treated. While

extensive information is available on the propagation of
fatigue cracks at room or low temperatures, almost no infor-

mation exists on crack propagation at elevated temperatures

under the joint action of creep and fatigue on which a quan-

titative relation could be based that would express the re-

duction of resistance with time of a cross-section stressed
at elevated temperature by the combined action of sustained
and cyclic stresses. Thus no more can be done here than to

point to this lack of vital information from which the risk
function r•[v(t)] and thus r'(t) , expressing the dete-

rioration with time of the ultimate strength due to combined
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creep and fatigue cracking, would have to be obtained in

order to establish the total risk of failure considering all

conditions:

r(t) = ru + ru(t) + r*(t) (5.4)

where ru is the (constant) risk of ultimate failure of the

undamaged structure

ru = kPf (5.5)

Pf is obtained from the distribution function of the safety
V

factor P(v) = f p(v)dv at the abscissa v = 1, while k <<1

is the ratio ofothe expected number of intensities within

the "ultimate" load intensity spectrum (above limit load) to
the total number of applied loads.

A measure of elevated temperature fatigue-creep sen-
sitivity, similar to the measure of fatigue sensitivity pro-

posed in WADD TR 61-53 can now be defined as the sum of the

ratios

f(t) = f'(t) + f"(t) r*(t +r(t) (5.6)

ru ru

where the first ratio can, in general, be assumed to be small
in relation to the second. Values f(t) >> 1 would designate
structures of high sensitivity for which special design and

testing procedures have to be developed, while structures with
f(t) < 1 may be designed by standard procedures for ultimate
load only.
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For known shapes of the reliability and risk func-
tions diagrams for the prediction of service life t or relia-
bility at a specified life t similar to those computed in
WADD TR 61-53 (Figs. lOa-d) could be constructed or the dia-
grams directly used replacing the variable N by t, pro-

vided the reliability functions are of Extreme Value type,
an assumption for which similar physical-probabilistic argu-
ments can be put forward as in the case of fatigue proper. 1,

Considering two extremal risk functions, one for
fatigue and one for creep-rupture

r'(N) - L-(2N)Y a-•" , --'> 1 (5.7)

and

r t s t= 6 > 1 (5.8)

where Vs and ts are, respectively, the characteristic
fatigue life and the characteristic creep-life, and I and
6 are the scale parameters of the associated reliability
functions

R'(N) = exp[(-N/Vs )^] = exp[(-wt/Vs)7] (5.9)

and

R"(t) = exp[(-t/t) 6 ] (5.10)

which are inversely proportional to the standard deviations
o(log 14. and o(log t), the combined reliability function
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R*(t) = R'(N) R"(t) = exp(-(Wt/V8)Y]exp[-(t/ts) 6 1 (5.11)

The effect of the interaction can be illustrated by

comparing the modes or another suitable measure of central

tendency of the probability densities p1(N) and p"(t)

with the respective measure of the combined function p*(t).' i" ad •

Using the medians t' I to' and T* rather than the modes

for the sake of expediency the following expressions are ob-

tained for these values from

1 %0

exp[ ) A ti = . (4n 2)I/'Y (5.12)

from

eF(p ) t t" t5 (tn 2) 1/6 (5.13)

and from

exp exp (5.14)

the superposition rule

(7) + ,) = (5.15)

from which t* can be evaluated. Introducing the ratio

t1/" n Eq. (5.15) can be written in the form

n6 I,,I + 6 = 1 (5.16)
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which indicates that for n >> 1 : '* , I", while for

n << 1 1 '* X1 . If Is and V are of the same order

of magnitude (n - 1) an estimate of t* is obtained from

1 + ( )y < 1 (5.17)

Hence t* < V" or t, ; however, the reduction is rather

small, being a maximum for -y 6 for which "

With the usual range of values 3 < 6 < 5: O.8'" <t* < 0.87t"
a result that suggests a relatively weak interaction if the

independence of the failure mechanisms implied in Eq. (5.11)

is a valid assumption. With 7 - 6 = 1 Eq. (5.15) degene-

rates into the assumption of linear interaction which is

therefore compatible only with pure chance failures with

constant risk functions r'(N) = V s- and r"(t) - t
and therefore incompatible with the physical character of

the fatigue and creep-rupture processes. This conclusion

obviously affects the validity of Eqs. (4.6) and (4.7), but

only in so far as the values of the exponents are concerned.

The general conclusion to be reached from Eq. (5.16)
is that whenever the creep life under Sm and the fatigue

life under S a are significantly different, the critical

life is roughly equal to the shorter of the two; when they
are of the same order of magnitude there is interaction which,

however, reduces the critical life only moderately. Since

this reduction is well within the scatter range it appears
as if existing creep data and existing alternating stress

fatigue data may provide sufficient information for design

under combined action of creep and fatigue. While the effect

of mean stress in fatigue can obviously not be disregarded,
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it would be of considerable interest to check, by adequate

experiments, the implication of Eq. (5.16) that whenever the

mean stress Sm is significant enough to effect the fatigue

life t' , under + Sa , its direct effect in producing

creep-damage is such that t" < t' , with the result that

creep design for Sm becomes critical.
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